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Abstract This paper investigates the perturbation to Mei symmetry for Birkhoffian systems.
The criterion equation of the perturbation to Mei symmetry is established. The condition for
existence of generalized Mei adiabatic invariant induced directly from the perturbation to
Mei symmetry is obtained, and its form is presented. Finally, an example is discussed to
further illustrate the application of the results.
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1 Introduction

Symmetry is an important and universal physical nature. Even tiny changes in symmetries,
so-called perturbation to symmetries, are of great importance for physical systems [1-3].
Pioneered in this area, Burgers proposed adiabatic invariants for a special kind of Hamil-
tonian systems [4]. The adiabatic invariants play an important role in the research on the
quasi-integrability of mechanical systems. At present, more and more attention has been
paid to this research field, and many important results have been obtained [5—10]. But most
of these researches have focused on perturbation to Noether symmetry or Lie symmetry, and
the adiabatic invariants obtained by these researches belong to the types of Noether [5-7]
and Hojman [8—10]. In the beginning of this century, Mei presented a new theory of symme-
tries, form invariance [11, 12], which enriches the symmetry theories of mechanical systems.
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Mei’s form invariance is also called Mei symmetry [13, 14], which means that the dynam-
ical functions in equations of motion still satisfy the equations’ primary form after some
infinitesimal transformations. Recently, we have studied the perturbation to Mei symmetry
for mechanical systems in phase space, and obtained Mei adiabatic invariants of the systems
[15]. Fang et al. discussed a new type of exact invariants or generalized Mei exact invari-
ants induced directly from Mei symmetry of Lagrange systems and Hamiltonian systems
respectively [16, 17]. And [18] studied a generalized Mei exact invariant induced directly
from Mei symmetry of Birkhoffian system. However, new types of adiabatic invariants or
generalized Mei adiabatic invariants have rarely been studied so far.

The Birkhoffian dynamics is more general than the Hamiltonian mechanics and it is ex-
tensively applied to the fields of modern physics. In 1927, G.D. Birkhoff made primary
studies on Birkhoffian dynamics [19]. Then the researches on Birkhoffian dynamics become
more and more active [20-23]. The research on perturbation to symmetries and adiabatic
invariants for Birkhoffian systems has great important significance. Since 2000, some works
have been done to discuss the perturbation to symmetries and adiabatic invariants for Birk-
hoffian systems [24-26]. We have studied the perturbation to Lie-Mei symmetry for Birk-
hoffian systems, and obtained Mei adiabatic invariants of the systems [27].

In this paper, we further study the perturbation to Mei symmetry for Birkhoffian systems,
and a new type of adiabatic invariant induced directly from the perturbation to Mei symmetry
is obtained. This new type of adiabatic invariant can be called generalized Mei adiabatic
invariant.

2 Birkhoffian Equations

The Birkhoffian equations can be written as

dB  0R,
dat ot

.V
Q/wa -

=0, (u,v=1,...,2n), (H

where B = B(t, a) is called a Birkhoffian, R, = R, (¢, a) are called Birkhoffian functions,
a’* are variables, and
_OR, 0R,
T dar dav
The system described by (1) is called a Birkhoffian system. Suppose the system is non-
singular, that is

(@)

det(£2,,) #0, 3)
then (1) can be expressed as
0B  0R,
g — rv [ = , 4
“ <8a“ o ) @
where
dRs R, \ 1"
QWY = — . 5
|:< da*  daf ) ] ®)
Expanding (4), we obtain
a*=h,(t,a). 6)
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3 Mei Symmetry and Generalized Mei Exact Invariants

Introduce the infinitesimal transformations with respect to time ¢ and variables a*
* 0 Wk kN 0
r=t+er(t,a), a” (") =a"@)+e§,(t a), )

where ¢ is an infinitesimal parameter, while t° and 52 are infinitesimal generators. Then
the Birkhoffian functions R, = R, (¢, a) become R; = R, (t*,a*), and the Birkhoffian B =
B(t,a) becomes B* = B(t*, a*) under the infinitesimal transformations (7). Expanding R;‘;
and B*, we have

R: =R, (t*.a") = R, (t,a) + X((R,) + O(e),

(3)
B* = B(t*,a*) = B(t,a) + X)(B) + O(e?),
where
9 9
X(O) — 0 0_. 9
R P T ©)

Definition 1 After the Birkhoffian functions R,, = R,, (¢, @) and the Birkhoffian B = B(¢, a)
being replaced by the transformed Birkhoffian functions R, = R, (¢*,a*) and the trans-
formed Birkhoffian B* = B(t*, a*) respectively, if the form of equation (1) is invariant, that
is

dR; OR;\., 09B* aR;_O (ov—1 o) (10)
dar  oav ) T ar  Tor o VT Led
the invariance is called Mei symmetry of the Birkhoffian system.
Substituting (6) and (8) into (10), ignoring &2 and the higher order infinitesimal terms,
and considering (1), we obtain the following criterion of Mei symmetry for the Birkhoffian
system.

Criterion 1 For the Birkhoffian system (1), if the infinitesimal generators t° and .fg satisfy

0 0 0
[axé (R axé“(Ru)]hv _XPB XY R _ g (11)

dat daV dat at

the corresponding invariance is Mei symmetry of the system.

Equation (11) is called criterion equation of Mei symmetry for the Birkhoffian system.
Under certain condition, the Mei symmetry will lead to a generalized Mei exact invariant.
The condition of existence and the form of the generalized Mei exact invariant are given in
the following proposition.

Proposition 1 For the Birkhoffian system (1), if the infinitesimal generators t°, 3 of Mei
symmetry and the gauge function G?W = G?w (1, a) satisfy the following structure equation

[f X (R,) +§_08X(()0)(Ru)]h ~ [faxg‘”(B) +§Oax(§°>(3)]
at ' dav " at " BaY
dr d dG°
_xO Y L xOp yr M _ . 12
0()dt+°(“)dt+dz (12)
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the Mei symmetry of the system can lead to a generalized Mei exact invariant [18]
Iuo =X (RE) — X3 (B) f + G, = const, (13)

where f = f(t,a) is an arbitrary function to make the gauge function exist, which can be
called coordination function. And in (12),

d el

E-i—huﬁ. (14)

a —

dr

Ifwe let f =1°, (12) and (13) respectively become the structure equation and the Mei
exact invariant in [23].

4 Perturbation to Mei Symmetry and Generalized Mei Adiabatic Invariants

Small forces acting on the Birkhoffian system may result in a small change in its symmetries,
defined as symmetrical perturbation. The exact invariant associated with the symmetries,
under a corresponding change, is an adiabatic invariant. In analytical mechanics, we study
perturbation to symmetries and adiabatic invariants of mechanical systems based on the
concept of higher order adiabatic invariant. Now, we present the concept of higher order
adiabatic invariant of the Birkhoffian system.

Definition 2 If I,(¢, a, ¢) is a physical quantity including infinitesimal parameter & in which
the highest power is z in a Birkhoffian system, and its derivative with respect to time ¢ is
directly proportional to ¢*!, I, is called a zth order adiabatic invariant of the Birkhoffian
system.

Suppose the Birkhoffian system (1) is perturbed by small quantities eW, = e W, (¢, a),
then the equations of motion for the system become

., 0B 0R,
Qﬂv(l —aa—u— ar :EWM. (15)

From (1) and (6), (15) can be also written in the form
a* =h, +eQ"W,. (16)
Due to the action of €W, the original symmetries and invariants of the system may vary.
Assume that the variation is a small perturbation based on the symmetrical transformations
of the system without perturbation, 7 (¢,a) and &, (¢, @) express the generators of infinitesi-
mal transformations after being perturbed, then
t=14et' 40+, £, =& ek, +7E 4. (17)
And the infinitesimal transformations become

t"=t+et(t,a), a"*(t*)=a"@t)+e&,(t,a). (18)
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According to the Mei symmetry theory, the criterion equation of the Mei symmetry for
the system perturbed by small quantities e W,, is

IXOMR,) IXOR IXO(B) dXOR
( ) _ ( M) (h,)+8QVMW}L) _ ( ) _ ( M) —8X(0)(WM) :0’
dat da” dat ot
(19)
where
0 0
xO—r 2 yg 7 20
Tar TS g 0
Substituting (17) into (20), we obtain
XO=egnxO  m=0,1,...,2), 1)
where
0 0
(O _ m
X, =" o +&) e (22)

Substituting (17) into (19), noticing (20)—(22), and making the coefficients of ¢ equal, we
obtain

dak da” dak da”
AXO(B) IXOR,)
dak ot

©) 0)
[BX;?)(RV) B ax;?>(Rﬂ)] v+[ IX,o1 (R 9X,2 (Ry )]QWW

— Xy (W) = (23)
Then we can obtain the following criterion.

Criterion 2 For the Birkhoffian system (1) perturbed by small quantities ¢ W,,, if the infini-
tesimal generators " (7, a) and & (7, a) satisfy (23), the corresponding variation of the Mei
symmetry is perturbation to Mei symmetry.

Equation (23) can be called criterion equation of perturbation to Mei symmetry for the
Birkhoffian system. Meanwhile, after the system being perturbed, the primary structure
equation varies. Contrasting with (12), we construct the following structure equation

©0) (0)
|:f8X (RM)_’_%_ IXV(R,)

h, + QU W,
ot YT dav }( +eTW)

(O (O d
_[fax (B) | (00X (B)]_X(O)(B)%

ot V' da¥
deg° dG
+ X(O)(RH)% —eXOWYIE) — (hy + QW) f1+ TM =0, (24)
where
d 3 9
hy, + QW W,)—, 25
@ g Tt ) 3an (25)

and Gy = Gy (t,a) is a gauge function. After being perturbed, the gauge function comes
into

Gu=GY% +eG), +&G> +---. (26)
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In order to use (25) expediently, we write it down simply as
d d 3
— = QW, — 27
dr — dr te dar’ @7)
Here a/dt has the same form as that in (13).

Substituting (17) and (27) into (24), noticing (20)—(22), and making the coefficients of
&™ equal, we obtain

IXOR,) 0XO(R,) X (R, XY (R,
m m h 0 1 / QYW
[f ot 5 da” } ’”L[f ot +h da”
IXO(B) X (B) df 3 50
—[f Py +&° — } X(O)(B) - XV (B W, af X(O)(RH)
IS
+ X (ROQPWs—4 (Ewr — X (WO)ED = hy f) + Xy (WOQU W, f
dGhy s 9Gh!
+ " M 1 QP w, S =0 (28)

In (23) and (28) the terms with the minimum order in 7, &, and G, are 79, 532 and G(&
respectively. When m = 0, we note that "2 = Z;'l’:"z =711 = SIT‘I = G'A'ffl = 0 holds,
then (23) and (28) will turn into (11) and (12) respectively. Also, when m = 1, we note that

"2 =& 2 =0 holds.

Proposition 2 For the Birkhoffian system (1) perturbed by small quantities eW,,, if the
infinitesimal generators t"(t,a), & (t,a) and the gauge function Gy = Gy (t, a) satisfy
(23) and the structure equation (28), the perturbation to Mei symmetry of the system will
lead to a zth order adiabatic invariant

In: = "X (R)E) — X (B) f + Gy, (m=0,1,....2). (29)

Proof Taking the derivative of I,,, with respect to ¢, we have

dv: _ Wl v 5" X (R | AX[D(R,)
=g"{X (RM) +
dr ot daV

df
h, + eQ"* O —XxV(B
(hy+e WM)]éu w (B

[9XO(B axXO(B G,

ot da’ Sdr
dg? df  aXO(R IXO(B
et — X, (B)5- f B R h, 4 sqrw, - o By
dr ot dr
IXO(R IXO(B
4 o () M)(hu+8§2“”Wu)%‘.?— Pu B
da’ da”
IXO(R,) 0XO(B)
_ m m h Q;,L\)Wv
[ ot T oan ]( nte )
AXO(R,) IXO(R,) )
_ m _ m n
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_AXO(B) ax,g?)(Ru)]EO &G”Aj,}
o

dat at dr
, dgl é‘o af af
= 1{Xf,,°)(RM) + X(O)(Ru)esz"ﬂW —£ xﬁ,?kma - X9(B)eQ*? Wpo 2
aX<0> R, X0 (B aXO(R
( )(h +¢ QMUW )f _ m ( ) m ( l’-) (l’lﬂ +8QIWW‘))§(}
at Jt daV
X0 (B IXO(R X0 (B aXO(R,
— m( )]E)_ m(l/-)+ m( ) (hu"_gQMUWU)f_ m( )
daV Jt dat dat
dXO(R,) AIXO(B) IXORR,
_ m hv QUMW _ m _ m ol 0
9a” >( TEEWL) = ot ]Sl‘
G, aG™
—M e Wy M1
+ dr te P aa }
By using the criterion equation (23), and noticing the following equations
oXOR,) IXOR
m ( ) _ m ( M) h\;hp, :0’
dat daV
©) ©) G
X, (R 9X," (R
! —1(Ry) QW Q" W, =0,
dat da’
we can obtain
dly. 9E" 3
Mz g X(O)(RH) i +X<0>(R )eQ P Wy % u X(O)(B) f X;?)(B)gsz“ﬁwﬁ—f
dr Foae da%
axXO R, axXO(B 8X(0)
¥(h +eQWW,) f — —2 ( )f+ (R “)(hﬂ+sszﬂvwv)gf
at Jt da’
aXO(B AIXO(R) 9XO(R axX? (R
_ ”’()S— m (Ry) 09X, 7(Ry) hoeQUW, f — 1 (Ry)
daV dat dav dat
XY (R,
- } QWi f = XL (W) ED = b f) + X, (W)eQ W, f
aXOWR,) axXOR
_ m ( ) _ m ( H) 8QWWH$0
dak da’ "
0X,) ((R) X)) (R G
QU;/.W 0 M
+[ dan da” ] Wbt dt
oGy
+eQ*P W, }
aa
aXOR, 8X(°) R
— Sm”:f mat( I ) EO ( M)](h +8Q;UJW ) (32)

_ fan,?)(B) OBXr('?)(B)
ot V' 9a¥
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(_1 9 (_1 0 9 0
—Xﬁ,?)(B)d—{ —X,(,?)(B)SQ‘YﬁWﬂaf XD (R~ it o XD (Ry)eQ Wy 85
a%

AIXOR,) aXO(R,)
dak dav

]hUaQ““WU f

N 0X,) (R 3X,) (R)
da da*

]h,LQ”“WALf

— X W)E = by f)+ X5 (W)eQ" W, f

aX,(,?)(RV) BX,(,?)(RM)
damt dav

:ISQU“WM§B

+[ax(‘” (R) X (R,

aGm, G
QUHUW,E) + — M 4 QYW
dar dav ] Wt g TR We }

Using the structure equation (28), we obtain

dly, [T, 0XOR,) ,dXO(R,)
A m m Qp,vW
a { [f ot o da” ¢

_ [ FOXRY) 00X, (R

Q/LI)WU
ot +& da” ]

3f (O)

o of 52
- X,('S»(B)SQ ﬁwﬂ da m 1 !

(B)QP Wy — e

+ XD(R,, )esz“ﬁw

AIXOR,) aXO(R,)
dakt da’

0
— X\ (R, )Q“r"wS [ ]husQ“”Wuf

N [ax“’) (R XY (R,

w ) ny
= . ]hQ Wof + X0 (W)™ W, f

X (R) XD (R,)
dak da’

X<0>2(W QL W, f- |: ]SQWLW/LES

— QP Wy
dat daV da®

_eent [[ [ RXD R 0 IXD (Ry)
ot v dav

0 0
+[ X2 (R, BX()I(RM)

aGm, aGgm-!
Jernies - eaonw, -

af
da%

}Q"““ W, — X0 (B)Q* Wy

JE [8X§°)(Rv) IXO(R,)
aOt

+ XO (RO Wy o o ]hvﬂ““va

AIXOR,) XO(R,)
dat dav

(O) (W )Q/M}W f |: ]QV}LW §O+QaﬂW

aGZ }
(33)

It shows that d/,,, /dt is directly proportional to €71, s0 I,. is a zth order adiabatic invariant
of the Birkhoffian system.
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The adiabatic invariant (29) is a new type of adiabatic invariant. When z = 0, the adia-
batic invariant (29) will turn into the generalized Mei exact invariant (13) naturally. If we
let £ =1°, (28) and (29) respectively become the structure equation and the Mei adiabatic
invariant in [27]. So our results in this paper are more common, and we call the adiabatic
invariant (29) as generalized Mei adiabatic invariant for Birkhoffian system. ]

5 An Example
The Birkhoffian system is
R =d°, R, =a*, Ry=R,=0, B=a"+ %[(&)2 + (@?, (34)
and the system is perturbed by the small quantities
eWy=eWo =0, eWs=ea’, eWi=e@@" +1). 35)

Let us study the perturbation to Mei symmetry and adiabatic invariants of the system.
The equations of motion for the system without perturbation are

h=a"'=d°, hy=a*>=a", hy=a°>=0, ha=a*=—1. (36)

=0, g=1, &=t &=£=0. (37)

It is easy to verify that they satisfy the criterion equation (11), so the infinitesimal generators
(37) are Mei symmetrical for the system (34).
From structure equation (12), we obtain

dG$ d
dt“ =f+td—{. (38)
(i) Let f =a' we have
(@) 1
0 _ 132
Gy a3 + 2a 1. (39)

According to Proposition 1, we can obtain a generalized Mei exact invariant of the system

@) 1,

Iyo = o + Ea‘t2 —a't =const. (40)
(i) Let f =% =0, we have
G =d’ (41)
and
Ivo = a’ = const. 42)

Equation (42) is a Mei exact invariant of the system.
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Then we seek the first order adiabatic invariants. The criterion equation (23) of the per-
turbation to Mei symmetry gives

0) 0) 0) )
90X, (R)) B X" (R,) I+ 0X, (R)) _ X, (R, QU w,
dat daV dat daV
ax2B) xR
— — - X, (W) =0. 43
dar ot o (W) )
It has a group of solutions as
=1,  §=0, g&=d &=0  &=-L (44)
From structure equation (28), we obtain
dGy _[s0f | 4 Of 390Gy 4 3Gy
— - ) —— | — — t 1. 45
dr [“ pat T @ T PTG T @D “5)

(i) Let f =a' we have

1 ( al)Z
G! = g% _ _ 4

M2 2a3
According to Proposition 2, the perturbation to Mei symmetry of the system (34) can lead

to a first order generalized Mei adiabatic invariant

(46)

IM1=%+%a3z2—alt+e|:%a3t2—%—a“—t]. 47
(ii) Let f =1°=0, we have
Gl =—da* (48)
and
Iyi=a’—e@ +1). (49)

Equation (49) is a first order Mei adiabatic invariant of the system.
Further we can obtain more higher order Mei adiabatic invariants and generalized Mei
adiabatic invariants.

6 Conclusion

In this paper, we obtained a generalized Mei adiabatic invariant induced directly from the
perturbation to Mei symmetry for Birkhoffian system. If we let f = 7°, the generalized Mei
adiabatic invariant will turn into the Mei adiabatic invariant. And when z = 0, the general-
ized Mei adiabatic invariant will turn into the corresponding generalized Mei exact invariant
naturally. The form of the generalized Mei adiabatic invariant is general, which has impor-
tant significance for further study on Mei symmetry and symmetrical perturbation theory.
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